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AI~'I]IACT 

Let G be a finite group. We say that G satisfies I (k) if any k + 1 distinct Sylow 
2-subgroups of G interesect trivially. In this paper we classify all finite groups 
satisfying I (3), and all finite simple groups satisfying I (5). 

THEOREM 1. Let G be a finite group in which any five distinct Sylow 2- 

subgroups intersect trivially. Then one of the following holds. 

(1) O'(G)/O(G), the smallest normal subgroup of G/O(G) of odd index, is 

isomorphic to one of the following groups: 

(i) a Sylow 2-subgroup of G; 

(ii) GL2(3), SL2(3), L2(3), or an extension of rank 1 of such a group; 

(iii) the extension of a 2-group by L2(q), Sz(q), U3(q), q even; 

(iv) PGL2(3), PGL2(5), L2(ll) o r  L2(13). 

(2) G contains three Sylow 2-subgroups, any two of which intersect in O2(G ) 

and O2.2.2(G) = G. 

COROLLARY 2.Let G be a finite simple group satisfying the assumption of 

Theorem 1. Then G is isomorphic to one of the following groups: L2(q), Sz(q), 

Ua(q) for q even, L2( l l  ) or L2(13 ). 

THEOREM 3. Let G be a finite simple group in which any seven Sylow 2- 

subgroups intersect trivially. Then G is isomorphic to one of the following 

groups: L2(q), Sz(q), Ua(q), q even, L2(7), L2(9), L2(l l ) ,  L2(13), L2(19), L3(3), 

Mlt  or Jl" 

We shall adopt  the following conventions. All groups considered are finite, 
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H < G (H < G) means that H is a (proper) subgroup of G, Sylp(G) denotes the 

set of all Sylowp-subgroups of G. By A = B we mean that A is defined by B. 

Let P be a p-subgroup of the group G. Define Z ( P ) -  = {SESylp(G)]S~_ P), 

- l. Define P=- hE(P)  and Cv(G) -= {P a p-subgroup of G l e  = 

Cp(G) consists of p-Sylow intersections in G. Clearly Op(G) ~ Cp(G), and a(P) = 1 

for P e Cp( G) implies P e Sylv(G). For P e Cp( G), define rain P -  { P' E Cp( G) I P' > P 

and no X ~ Cp(G) satisfies P '  > X > P}. It is clear that rain P = ~ if and only if  

P ~ Sylv(G). 

Define by minkP = (P'  ~ min P I a(P') = k}. Denote min Ov(G ) by min G. 

Denote by I(k) the class of all finite groups G with the property that any k + 1 

Sylow 2-subgroups intersect trivially. 

LEMMA 4. Let P,e'eCp(G). I f  P ' ~ P  then Ne,(P)/P acts faithfully on 

E(P). If, in addition, P ' ~ m i n  P then any gPe(Ne,(P)/P) ~ acts fixed-point 

freely on Y~(P)/E(P'). 

PROOF. It is clear that Ne,(P) acts on Y,(P) by conjugation. I f  g e Ne,(P) 

stabilizes some S~Y~(P) then g is a p-element of Na(S), and as such belongs to S. 

Therefore P = / ~ -  nY,(P) implies that Ne,(P)/P acts faithfully on Y,(P). 

If  P ' E m i n  P and S~Y~(P) is stabilized by gP~(Ne,(P)/P), then P < ( P , g )  

< P '  n S implies S E Y.(P') as P' n S ~ Cv(G). 

COROLLARY 5. I f  e '  ~ min P then I NI,,(P) /P ] divides tr(P) - a(P'). 

PROOF. Consider Ne,(P)/P as a faithful permutation group on X(P)\X(P'). As 

such any non-identity element acts fixed-point freely, hence I Ne,(P)/e I divides 

a(P) - a(p'). 

L~r~,tA 6. I f  P is a p-subgroup of G then or(P) -- 1 (rood p). 

PROOF. For every p-subgroup P of G, g-(P) = o'(P), so we may assume that 

P E Cp(G). We shall prove the lemma by induction on [GI/I P 1" If  P e Sylp(G) then 

a(P) = 1 = 1 (modp). I f  P~Sylv(G) then min P ~ .  Let P ' E m i n P .  Clearly 

I P ' [  > [P I" Thus, by the induction hypothesis, a(P') = 1 (mod p), and hence by 

Corollary 5 g-(P) = a(P') (mod p) - 1 (mocl p). 

COROLLARY. 7. Let T~ C2(G). I f  a(T) = 3 then min T = E(T). 

PROOF. Let T '  ~ rain T. As T'  > Tand Te Cz(G), it follows that ~(T')  ~- ~(T). 

Hence 3 = a(T) > ~r(T') > 1 whence by Lemma 6 a ( T ' ) =  1, T 'E  Syl (G), and 

T'  ~I~(T). Hence min T___ ~(T). 
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Now assume that for some S ~ E(T), S ~ min T. In that case there exists S' E ~ (T)  

with S > S n S' > T. But then 1 = a(S) < tx(S n S') < tr(T) = 3 in contradiction 

to Lemma 6. Hence rain T ~_ E(T) and we are through. 

LEMMA 8. Let Op(G) -- 1. I f  P ~ min G then: 

(i) P (3Pg r 1 implies P = Pg, 

(ii) P is normal in S~Y~(P) iff P (3Z(S) v~ 1, and 

(iii) P is not normal in S~Z,(P) implies P is isomorphic to a subgroup of 

Ns(P)/P. 

PROOF. If 1 < P n P  g _--< P it follows, by the definition, that P n  Pg=P,  hence 

P = Pg. The second assertion is obvious because for any z ~ P, Co(z) _< No(P ) by (i). 

If P is not normal in SeY.(P) then there exists g~Ns(Ns(P))INs(P ). Then 

p :~ p9 which is normal in (Ns(P)) g = Ns(P). Hence by (i), <P,/~> = P x Pg and 

p_~ p9 is isomorphic to a subgroup of Ns(P )/P. 

LEMMA 9. Let GeI(k).  Then H <= G implies H~I(k),  and H normal in G 

implies G/H ~ I(k). 

PROOF. The first assertion is trivial. Let G~I(k), H normal in G, and 

re,k+1 SyI2(G/H) such that ~k + l  G/H~I(K).  Let ~,isi=t c - i l i = x S i ~ H .  For  any 1 ~ i  

_<_ k + 1, ~'i is of the form S~H/H where Si is a Sylow 2-subgroup of G. Let 

H ~ g H ~  Ir~k+~l~=: ~ such that # E S~. Then there exist h i ~ H, for i = 2, ..., k + 1, 
~ h k  + 1 such that g ~ S~'. Now $1, S~, "'', ~'k+ 1 are distinct Sylow 2-subgroups because the 

ch~+, contradicting G ~ l(k). ~'l are distinct, hence 1 # g ~ $1 n S~ ~ n .-. n ~,k+~ 

LEMMA 10. Assume, in addition to the assumptions of Theorem 1, that the 

intersection of any two distinct 2-Sylow subgroups of G is of 2-rank < 1. Then 

Theorem 1 holds. 

PROOF. By Lemmas 6 and 9, all we need to prove is that the groups listed in 

Aschbacher's theorem [1, (1)-(5)'] that do not appear in the conclusion of 

Theorem 1, do not satisfy 1(3). 

A central product of two copies of SL2(5) with amalgamated centers, has a 

non-trivial center contained in all its Sylow 2-subgroups. There are more than 

three such subgroups and therefore G ~/(3). The same holds for its extension by 

an automorphism which permutes the copies of SL2(5). 

In J~, for any involution t, CG(t) = (t> x H (for H ---As) contains 5 Sylow 

2-subgroups of G intersecting in (t>, hence J1~I(3) .  In a perfect nontrivial 
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central extension of  A7 by a 2-group this 2-group is certainly contained in any 

2-Sylow subgroup and again G 6 I(3). In Lz(q), q = 3, 5 (mod 8), I L2(q) ]2 = 4 and 

there exists a dihedral subgroup L of order 21 where l = �89 + 1) if q - 3(mod 8) 

and l = �89 - 1) if  q = 5 (mod 8). L contains �89 4-groups intersecting in the 

central involution of L, so that �89 ~ 3 whence q = 3,5,11 or 13. 

SL2(q) = L2(q) for even q. For  odd q, I Z(SL2(q))l = 2 and we must limit 

ourselves to q for which [ Syl2(SL2(q))I < 3. Assume q > 3. In that case L2(q) is 

simple and Z = Z(SL2(q))= 02(SL2(q))e C2(SL2(q)). Thus, by the fact that 

a(Z) = 3, and by Lemma 4, 2 = I Ns(Z)/Z [ = [ S /Z  I = �89 12- Hence 

IsL2(q)12 --4, and IL2(q)l  -- 2 in contradiction to q > 3. 

PROOF OF THEOREM 1. By Lemma 10 we may assume the existence of  two 

distinct Sylow 2-subgroups S, S'  such that T =  S c~S' is of  2-rank > 1. By 

Lemma 6, a(T)  > 3, hence by the assumption of  the theorem tr(T) = 3, Te  rain G 

and by Corollary 7, rain T = E(T). By Corollary 5 INs(T)/T] = 2 for every 

SeX(T). 
If ISyl (G) I -- 3 then T =  02(G) whence I = 2; thus by Burnside, G/T 

has a normal 2-complement and 02.2.,z(G)= G. In that case Theorem 1 holds 

and we may assume that 1SyI2(G) [ > 3 and O2(G) = 1. 

If  for some SeE(T)  T is not normal in S, then by Lemma 8 (iii) 

[ TI <= I Ns(T) /T[ = 2 

whence T is cyclic in contradiction to rank T >  1. Hence we may assume T is 

normal in S for every SeE(T),  so that IS: T I = 2 for every SeE(T) .  

I f  for every S eE(T)  and every S' ( E ( T )  we have S 0 S' = 1, then by Bender 
[2], K - N~(T) is a strongly embedded subgroup of  G. By the opening assumption 
this is no the case, therefore we may assume the existence of S eE(T), S' ~E(T) 
such that S n S '  ~ 1. Since T e m i n  G, S' o T =  1 and thus 

Isr s'l <=  _IS/TI = 2. 

Let us denote by t the involution of  S n S'. Again since tr((t))  = 3, E( ( t ) )  

= m i n ( t )  and so [N~((t>)/(t>] = I = 2 for every ,~eE((t)) .  In that 

case Suzuki I6, Lem. 4] tells us that S is dihedral or semi-dihedral, and T as a 

maximal subgroup of  rank > 1 is dihedral. Now t~Z(~) for every ~ E ( ( t ) ) ,  

since otherwise I Sl <-_-Ica(ol -- 4 in contradiction to rank T >  1. If  G has three 

conjugate classes of  involutions then S is dihedral and by [4, (7.7.3)] G has a 

normal 2-complement, whence the theorem is proved. Hence we may assume that 
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this is not the case and that G has exactly two conjugate classes of involutions. 

Since T~ rain G, no involution of T can be conjugate to t, which in turn is 

conjugate to every involution of S \ T because S is dihedral or semidihedral. 

Hence every involution of T is central, whence it is central in one of the three 

elements orE(T). Each one of these has only one central involution, whence T has 

at most three involutions. Concluding, T -  ~ E4 and S ~ Ds. 

G = G/O(G) satisfies I(3) by Lemma 9. The homomorphism q~: G -~ G sends 

Sylow 2-subgroups to isomorphic images and central involutions to central 

involutions. Therefore T contains three central involutions, whence T is contained 

in ~'1, $2, ~'3 which are distinct Sylow 2-subgroups of G, dihedral of order 8. 

Applying the same argument to G we see that either G has only three Sylow 

2-subgroups, or G has a strongly embedded subgroup, or G contains some 

~ E ( T ) ,  S' ~Z(~ v) such that S n $ '  = <t> of order 2. In the first case  02 .2 , ,2 (G ) 

= G, G is solvable, and by [4 (16.3)] either G is a 2-group or (~ ~ PFL2(3 ) - 

PGL2(3 ) and we are through. The second case cannot occur since a Sylow 2- 

subgroup of G is dihedral of order 8. Therefore we are left with the third case, 

where G must have exactly two conjugate classes of involutions unless G is 

solvable. Hence by [4, (16.3)], H, is normal in G __< H 2 where H, ~ - L 2 ( q )  , 

H2 ~- PFL2(q) such that [G: H,  [ is even (for otherwise there would be only one 

conjugate class of involutions). Therefore I H,  [2 = 4 and q - _+ 3(8). Moreover, 

H 1 fh~ ,~Syl2(H,)  so that the involutions of H: trig, are conjugate and 

~1 O H ,  = T. But T N  T o ~ 1 implies T = T o for all g ~ G, hence for all g E H  1. 

It follows that any two Sylow 2-subgroups of H,  must intersect trivially whence, 

by an argument of Lemma 10, q __< 5. Concluding, H, ~-PSL2(5 ) and 

H2 "" PFL2(5) ~- PGL2(5) 

implies [ H2: H,  I = 2, thus 0 ~- PGL2(5 ). 

LEMMA 11. Let G be a finite simple group and let Te min G be a 2-subgroup 

of G with tr(T) = 5 and minaT ~ ~J. Then a Sylow 2-subgroup of G is either 

dihedral or semidihedral. 

(Si}i=l so that T -- N~S=,Si. Since minaT ~ ~ we may PROOF. AssumeS(T)=  5 
g g assume that Tx - Ai3=l Si > T. If  min3T = {TI} , then {S,, $2, S~} = {S,, $2, $3} 

for all g ~ NG(T ). In addition it follows that S 4 ~ rain T, whence by Lemma 4 

Ns,(T ) /T  moves S 5 to say S 1, a contradiction. 

Therefore we may assume that minaT= {7"1}, so there exists minaT~T2 
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= Si n S j n  S k. Since tr(Tx) = tr(T2) = 3, min Tt = E(T1) and min T 2 = ~(T2) 

so that I {1, 2, 3} n {i,j, k} [ < 1. Hence we may assume that T2 = S: n S,  ~ $5. 

The same argument applied again yields minaT = {T1, T2}. 

Now TiEmin  T implies that Nr~(T)/T acts faithfully on E(T) and fixing 

{$1, $2, $3} it must be of order 2. But the structure of minaT forces N~(T) to 

stabilize Sl, so that Ns~(T)/T = Ns ,~s , (T) /T= Nr,(T)/T,  whence I Ns2(T): T[ 

= 2 .  

Since min3T # ~ ,  it follows that T is not normal in $2 and by Lemma 8(iii), 

I<t>l -- I TI -- 2 and I c (01 -- 4 Hence we are through by Suzuki [6, Lem. 4]. 

L ~ f A  12. Let G be a finite simple group, with a dihedral or semi-dihedral. 

Sylow 2-subgroup, such that G~I(5). Then G is isomorphic to one of the 

following: 

(i) L2(q),q = 5,7,9,11,13,19, 

(ii) L3(3), or 

(iii) Ml l .  

PROOF. If Isl--4 then G"L2(q )  for q = 3 , 5 ( m o d  8); by an argument 

analogous to that of Lemma 10 we conclude that q = 3,5,11,13,17 or 19. Hence 

we may assume that I sl >-- 8. 

By [4, (7.7.3)] for the dihedral case and [4, (7), Ex. 7] for the semidihedral 

case, the simplicity of G implies that there is only one conjugate class of in- 

volutions. Hence for any involution z, I c (z)12 --IGI2 For any involution 

t ~ C~(z) I (z) ,  z ~ CG(t ) so that z E T for some T~ Syl2(Ca(0) ~_ Syl2(G ). As for 

any S e Sylz(G), I f~(Z(S)) # ] - 1, a((z)) _>_ [ Syl2(Ca(z)) ] + the number of in- 

volutions in Ca(z) \ (z) .  But the number of involutions in Ca(z ) \ ( z )  is greater or 

equal to four, and [ Syl~(Ca(z)) I ~ 1, hence tr((z)) __< 5 implies that [ Syl2(Ca(z) ] = 1 

and that I sl  -- s if s is dihedral and I sl  -- 16 if s is semidihedral. 

If S is dihedral and G -~ AT, one calculates CG(z) for z = (12) (34) to show that 

[Syl2(Ca(z))l = 3. 
If  S is dihedral and G ~ L2(q), q - +_ l(mod 8), G contains a dihedral subgroup 

K of order 21 where l = (q - 1)/2 for q - 1 (mod 8) and l = (q + 1)/2 for 

q _= - l ( m o d  8). Moreover ]KI2 = I GI2 and if we write l = 2 k" m, for m odd, 

then I Sy12(K)[ = m  and IK[2 = 2 k+l. Hence if z is the central involution of K, 

K ~_ Ca(z) implies m = 1, 2 k+l = 8, whence q = 7 or q = 9. By [4, (16.3)] we 

are through in case S is dihedral. 
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If  S is semidihedral then [ Syl2(C~(z)) I = 1 together with the fact that G has 

only one conjugate class of  involutions imply that the centralizer of any involution 

is 2-dosed, hence by Wong [4, p. 288], G ~ La(3 ) or G ~ Ml i .  

LEMMA 13. Let G be a finite group with O2(G ) = 1 and O2(G) = G. Let T be 

a 2-subgroup of G satisfying T e m i n G  and INs(T): T I = 2 f o r  some S e e ( T ) .  

Then either G contains a strongly embedded subgroup or a Sylow 2-suboroup of 

G is dihedral or semidihedral. 

PROOF. If  Tis  not normal i n s  then by Lemma 8(iii) I TI = 2; thus by Suzuki 

[6, Lem. 4] S is dihedral or semidihedral. Hence we may assume that tTis  norm- 

al in S, so that Irl =l and T is of index two in every SeF,(T).  

If for every S e E(T) and every S' ~ E(T) we have S • S'  -- 1, we are following 

Bender [2]. Hence we may assume that for some S e~(T) ,  S'  ~E(T), S n S' ~ 1. 

But T e m i n G  implies that S' n T =  1 so that S A S '  = ( t )  where t is an in- 

volution. By the N-group [7, (5.38)] paper there exists some g e G for which 

t o e T, whence T>__ S n S o n S '~ > 1. Now Te  rain G implies that T =  S n S o n S '~ 

whence I rl = 2 and S is a 4-group, hence dihedral. 

LEMMA 14. Let G be a finite simple group satisfying I(5). I f  G has a strongly 

closed abelian 2-group then G is isomorphic to one of the following groups: 

L2(q) , Sz(q), Ua(q), for q even, L2(q) , for q = 5,11,13,19 or J1. 

PROOF. Following Goldschmidt [3] we need check only two things, namely, 

that the above-mentioned values of q - 3, 5 (mod 8) are the only ones for which 

L2(q) e 1(5), and that the only group of Janko-Ree type [3, Case e] which occurs 

here is J~. The first check is a word-by-word repetition of the analogous part of  

Lemma 10. In Case e, G has a subgroup G 1 of odd index such that G1 = ( t )  x K 

where t is an involution and K ~- L2(q) , q = 3, 5 (mod 8), q > 3 with I Sylz(K) I --< 5. 

Hence G ~- J1. 

PROOF OF THEOREM 3. If G has a strongly embedded subgroup we are 

through by [2]. By Corollary 5 and by Lemmas 11, 12 and 13 we may assume 

that for every T e m i n G ,  a ( r )  = 5, m i n T =  E(T) and INs(T): T[ = 4 for every 

SeE(T) .  In such a situation C2(G) = {1} u ruinG u Syl2(G). 

If  for some S e Syl2(G) and for z e fl(Z(S)) we have ~ ( ( z ) )  = {S}, then we are 

through by Herzog [5] ; thus we may assume that for every S e SyI2(G) and every 

z e ~(Z(S)) there exists some S' e SyI2(G) such that z e T - S ~ S' e rain G. Since 
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T•Z(S) ~ 1, T is normal i n s  by Lemma 8(ii), and we conclude that for every 

S ~ Syl2(G ) there exists Te  min G such that T is normal in S. 

Let us fix T and S. First assume that there exists some T ' #  T such that 

T'  ~ ~ T  and T ' <  S. It follows that T ' s m i n G ,  T'  is normal in S (because 

IT I = IT'[ ,  [Ns(T)/T[ = [Ns(T')]T'[ = 4 ) ,  and T n T ' =  1. Hence 

[Ns(T)/T] = [Ns(T')/T' I = 4 

implies that S "~ Ez6 or l S: E41 = 2. In the latter case S contains at least two 

central involutions whence S " Es or S -~ E4 • E2. In any case, S is abelian and 

we are through by Lemma 14. 

Otherwise define V - ( z ~ n ( Z ( S ' ) ) r ~ T [ S ' a Z ( T ) ) .  Since T ~ S '  for every 

S' ~Z(T), 1 < V~_ Z(T) so that V is an abelian 2-subgroup of G. We claim that V 

is strongly closed in S with respect to G. If we show this we are through by quoting 

Lemma 14 again. Indeed, let z a V  and let zgaS. Now T g n S g z g # l  and 

TgE min G, therefore S => T g whence T = T g. Hence z g ~ T and zgE FI(Z(Sg)) 

where Sg eZ(T), thus zgE V and V is strongly closed in S with respect to G. 
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