ON 2-SYLOW INTERSECTIONS

BY
ARIEL ISH-SHALOM

ABSTRACT

Let G be a finite group. We say that G satisfies I (k) if any £ + 1 distinct Sylow
2-subgroups of G interesect trivially. In this paper we classify all finite groups
satisfying 7 (3), and all finite simple groups satisfying I (5).

THEOREM 1. Let G be a finite group in which any five distinct Sylow 2-
subgroups intersect trivially. Then one of the following holds.

(1) O'(G)/O(G), the smallest normal subgroup of G|O(G) of odd index, is
isomorphic to one of the following groups:

(i) a Sylow 2-subgroup of G;

(i) GLy(3), SL,(3), L,(3), or an extension of rank 1 of such a group;

(iii) the extension of a 2-group by L,(q), Sz(q), Us(q), g even;

(iv) PGL,(3), PGL,(5), L,(11) or L,(13).

(2) G contains three Sylow 2-subgroups, any two of which intersect in 0,(G)
and 02,2'2(G) = G.

COROLLARY 2.Let G be a finite simple group satisfying the assumption of

Theorem 1. Then G is isomorphic to one of the following groups: L,(q), Sz(q),
Us(q) for q even, Ly(11) or L,(13). '

THEOREM 3. Let G be a finite simple group in which any seven Sylow 2-
subgroups intersect trivially. Then G is isomorphic to one of the following
groups: Ly(q), Sz(q), Us(q), q even, Ly(7), Ly(9), Ly(11), L,(13), L,(19), L3(3),
M, or J,.

We shall adopt the following conventions. All groups considered are finite,
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H £ G (H < G) means that H is a (proper) subgroup of G, Syl,(G) denotes the
set of all Sylow p-subgroups of G. By A = B we mean that A is defined by B.

Let P be a p-subgroup of the group G. Define X(P)= {Se Syl,(G)]SgP},
o(P) = |Z(P)|. Define P= NE(P) and C,(G) = {P a p-subgroup of G|P = P}.
C,(G) consists of p-Sylow intersections in G. Clearly 0,(G) € C,(G), and o(P) = 1
for P € C,(G) implies P € Syl (G). For P € C,(G), define min P= {P’ e C,(G) ,P’>P
and no X e C,(G) satisfies P’ > X > P}. It is clear that min P = (¥ if and only if
P e Syl(G).

Define by minP = {P’emin P|a(P') = k}. Denote minO,(G) by min G.
Denote by I(k) the class of all finite groups G with the property that any k + 1
Sylow 2-subgroups intersect trivially.

LemMa 4. Let P,P'eC,G). If P' 2 P then Np(P)[P acts faithfully on
I(P). If, in addition, P'cmin P then any gPe(Np(P) |P)* acts fixed-point
freely on Z(P)\Z(P').

Proor. It is clear that Np(P) acts on %(P) by conjugation. If g & Np.(P)
stabilizes some S e Z(P) then g is a p-element of N(S), and as such belongs to S.
Therefore P = P = NZ(P) implies that Np.(P)/P acts faithfully on Z(P).

If P'emin P and SeX(P) is stabilized by gP e (Np.(P)/P), then P < (P,g>
< P’ NS implies S€Z(P') as P' NS e C(G).

COROLLARY 5. If P’ e min P then | Np{P)/P| divides o(P) — o(P").

ProoF. Consider Np.(P) /P as a faithful permutation group on Z(P)\Z(P’). As
such any non-identity element acts fixed-point freely, hence IN pAP) /PI divides
a(P) — o(P").

LemMMa 6. If P is a p-subgroup of G then o(P) = 1 (mod p).

ProOF. For every p-subgroup P of G, o(P) = o(P), so we may assume that
P e C,(G). We shall prove the lemma by induction on [ G | / l P | If P e Syl (G) then
o(P) = 1=1 (mod p). If P¢Syl(G) then min P # . Let P’eminP. Clearly
| P'| > | P|- Thus, by the induction hypothesis, o(P') = 1 (mod p), and hence by
Corollary 5 o(P) = o(P’) (mod p) = 1 (mod p).

COROLLARY. 7. Let Te Cy(G). If o(T) = 3 then min T = Z(T).

ProOF. Let T'emin T. As T’ > Tand Te C,(G), it follows that Z(T") < Z(T).
Hence 3 = o(T) > o(T’) 2 1 whence by Lemma 6 o(T')= 1, T' &Syl (G), and
T’ e€%(T). Hence min T< Z(T).
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Now assume that for some S € £(T), S ¢ min T. In that case there exists S’ € X(T)
with S> S NS’ > T. But then 1 = o(S) < 6(S N S") < 6(T) = 3 in contradiction
to Lemma 6. Hence min T 2 %(T) and we are through.

LeMMa 8. Let 0,(G) = 1. If Pemin G then:

(i) PNP'+#1 implies P = P*,

(i) P is normal in SeX(P) if PNZ(S) # 1, and

(iii) P is not normal in Se€Z(P) implies P is isomorphic to a subgroup of
Ns(P)/P.

Proor. If 1 < PN P? £ P it follows, by the definition, that PN Pf=P, hence
P = P?, Thesecond assertion is obvious because forany ze P, Cg(z) < N4(P) by (i).
If P is not normal in SeXZ(P) then there exists ge Ng(Ng(P))\ Ng(P). Then
P # P9 which is normal in (Ng(P))¥ = Ng(P). Hence by (i), (P, P?> = P x P and
Pz P?is isomorphic to a subgroup of Ny(P)/P.

LemMMa 9. Let Gel(k). Then H £ G implies He I(k), and H normal in G
implies G [H e I(k).

Proor. The first assertion is trivial. Let Gel(k), H normal in G, and
G/H ¢ I(K). Let {S;}it} = Syl,(G/H) such that %] S, # H. For any 1<
<k+1, S is of the form S;H/H where S; is a Sylow 2-subgroup of G. Let
H # gHe %215, such that g€ S,. Then there exist h;e H, for i = 2,---, k + 1,
such that g € S". Now S, S5, --, St«*' are distinct Sylow 2-subgroups because the
8, are distinct, hence 1 # ge S; N S% N -« N SP* contradicting G € I(k).

Lemma 10. Assume, in addition to the assumptions of Theorem 1, that the
intersection of any two distinct 2-Sylow subgroups of G is of 2-rank <1, Then
Theorem 1 holds.

Proor. By Lemmas 6 and 9, all we need to prove is that the groups listed in
Aschbacher’s theorem [1, (1)«(5)] that do not appear in the conclusion of
Theorem 1, do not satisfy I(3).

A central product of two copies of SL,(5) with amalgamated centers, has a
non-trivial center contained in all its Sylow 2-subgroups. There are more than
three such subgroups and therefore G ¢ I(3). The same holds for its extension by
an automorphism which permutes the copies of SL,(5).

In J,, for any involution ¢, Cg(t) = {t) x H (for H ~A,) contains 5 Sylow
2-subgroups of G intersecting in (t), hence J; ¢ I(3). In a perfect nontrivial
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central extension of 4, by a 2-group this 2-group is certainly contained in any
2-Sylow subgroup and again G ¢ I(3). In L,(q), ¢ = 3, 5 (mod 8), | L.(q) ]2 = 4and
there exists a dibedral subgroup L of order 2/ where | = 3(q + 1) if ¢ = 3(mod 8)
and ! = $(q— 1) if g =5(mod 8). L contains 4l 4-groups intersecting in the
central involution of L, so that 4! < 3 whence q = 3,5,11 or 13.

SLy(q) = L,(g) for even g. For odd g, | Z(SL,(¢))| = 2 and we must limit
ourselves to g for which | Syl,(SL,(q))| < 3. Assume g > 3.In that case Ly(q) is
simple and Z = Z(SL,(q)) = 0,(SL,(q)) € C,(SL,(q)). Thus, by the fact that
o(Z) =3, and by Lemma 4, 2 =|Ny(2)/Z| =|S/Z| = 3|SLy(q)|;- Hence
|SLy(g)|; = 4, and |L,(g)|, = 2 in contradiction to g > 3.

PrROOF OF THEOREM 1. By Lemma 10 we may assume the existence of two
distinct Sylow 2-subgroups S, S’ such that T=S NS’ is of 2-rank > 1. By
Lemma 6, 6(T) = 3, hence by the assumption of the theorem o(T) = 3, Temin G
and by Corollary 7, min T = Z(T). By Corollary 5 |NS(T)/T] = 2 for every
SeX(T).

If |Syl,(G)| = 3 then T= 0,(G) whence |G /T|, = 2; thus by Burnside, G/T
has a normal 2-complement and O, ,- ,(G)= G. In that case Theorem 1 holds
and we may assume that lSyIZ(G)I >3 and 0,(G) = 1.

If for some SeZ(T) T is not normal in S, then by Lemma 8 (iii)

| T| < |NT)/T| = 2

whence T is cyclic in contradiction to rank T> 1. Hence we may assume T is
normal in S for every S € X(T), so that |S: T] = 2 for every S eX(T).

If for every S€X(T) and every S’ ¢X(T) we have S NS’ = 1, then by Bender
[2], K = N¢(T) is a strongly embedded subgroup of G. By the opening assumption
this is no the case, therefore we may assume the existence of SeX(T), S’ ¢X(T)
such that SN S’ # 1. Since Temin G, S"NT =1 and thus

- ‘(s NSHT
= T

Isns| | s|sim| =2

Let us denote by ¢t the involution of S NS’. Again since o({t)) = 3, Z({t))
= min {t) and so | N3(K) Kty | = |CA(O)[<t)| = 2 for every SeZ((¢)). In that
case Suzuki [6, Lem. 4] tells us that S is dihedral or semi-dihedral, and T as a
maximal subgroup of rank > 1 is dihedral. Now t¢ Z(S) for every SeX({tD),
since otherwise | S| £ | C5(#)| = 4 in contradiction to rank T> 1. If G has three
conjugate classes of involutions then S is dihedral and by [4, (7.7.3)] G has a
normal 2-complement, whence the theorem is proved. Hence we may assume that
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this is not the case and that G has exactly two conjugate classes of involutions.
Since Temin G, no involution of T can be conjugate to ¢, which in turn is
conjugate to every involution of S\ T because S is dihedral or semidihedral.
Hence every involution of T is central, whence it is central in one of the three
elements of £(T'). Each one of these has only one central involution, whence T has
at most three involutions. Concluding, T~ E, and S ~ D,.

G = G |O(G) satisfies I(3) by Lemma 9. The homomorphism ¢: G — G sends
Sylow 2-subgroups to isomorphic images and central involutions to central
involutions. Therefore T contains three central involutions, whence T is contained
in §,, S, 8§ which are distinct Sylow 2-subgroups of G, dihedral of order 8.

Applying the same argument to G we see that either G has only three Sylow
2-subgroups, or G has a strongly embedded subgroup, or G contains some
SeX(T), §' ¢ Z(T) such that S NS’ = () of order 2. In the first case 0,,,. ,(G)
= G, G is solvable, and by [4 (16.3)] either G is a 2-group or G =~ PTL,(3) =
PGL,(3) and we are through. The second case cannot occur since a Sylow 2-
subgroup of G is dihedral of order 8. Therefore we are left with the third case,
where G must have exactly two conjugate classes of involutions unless G is
solvable. Hence by [4, (16.3)], H, is normal in G < H, where H, ~ L,(q),
H, ~ PT'L,(g) such that |G: H, | is even (for otherwise there would be only one
conjugate class of involutions). Therefore |H 1 |2 = 4 and g = + 3(8). Moreover,
H, N8 eSyl,(H,) so that the involutions of H, NS, are conjugate and
S, NH, = T.But TNT? # 1 implies T = T for all g € G, hence for all ge H,.
1t follows that any two Sylow 2-subgroups of H; must intersect trivially whence,
by an argument of Lemma 10, g £ 5. Concluding, H, ~ PSL,(5) and

H, ~ PT'L,(5) ~ PGL,(5)
implies | H,: H, | = 2, thus G ~ PGL,(5).
LeMMA 11. Let G be a finite simple group and let Te min G be a 2-subgroup

of G with a(T) = 5 and min;T # &. Then a Sylow 2-subgroup of G is either
dihedral or semidihedral.

PrOOF. Assume E(T) = {S;};-; sothat T = (\;_,S;. Since min,T # & we may
assume that T, = N1, S, > T. If min, T = {T,}, then {S¢, S, S} = {5, S,,5;}
for all ge Ny(T). In addition it follows that S, emin T, whence by Lemma 4
N5 (T)/T moves S5 to say Sy, a contradiction.

Therefore we may assume that min;To {T,}, so there exists min,T3T,
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= §;N§;NS,. Since o(Ty) = o(T,) = 3, min T; = Z(Ty) and min T, = Z(T,)
so that [{1,2,3} N {i,j, k}| < 1. Hence we may assume that T, = S; NS, N S;.
The same argument applied again yields min, T = {T}, T,}.

Now T;emin T implies that Ny (T)/T acts faithfully on Z(T) and fixing
{S1,S,, S5} it must be of order 2. But the structure of min;T forces Ng(T) to
stabilize Sy, so that Ns,(T)/T = Ng,s5,(T) /T = Nz ,(T)/T, whence | Ns,(T): T|
=2,

Since min, T # &, it follows that T is not normal in S, and by Lemma 8(iii),
[<t>| = | T| = 2 and | Cs(r)| = 4. Hence we are through by Suzuki [6, Lem. 4].

LeMMA 12. Let G be a finite simple group, with a dihedral or semi-dihedral.
Sylow 2-subgroup, such that Gel(5). Then G is isomorphic to one of the
following:

(i) L,(9),q = 5,7,9,11,13,19,

(i) L;(3), or

(iii) My;.

Proor. If |S| = 4 then G~ L,(q) for g =3,5(mod 8); by an argument
analogous to that of Lemma 10 we conclude that g = 3,5,11,13,17 or 19. Hence
we may assume that |S| = 8.

By [4, (7.7.3)] for the dihedral case and [4, (7), Ex. 7] for the semidihedral
case, the simplicity of G implies that there is only one conjugate class of in-
volutions. Hence for any involution z, |Ce(2)|, = |G|, For any involution
te Cy(2)\{2), z€ Cy(f) so that ze T for some Te Syl,(Co(f)) < Syl,(G). As for
any SeSyly(G), |QZES)*| =1, a({z)) = |Syly(Cs(2))| + the number of in-
volutions in Cg(2)\{z). But the number of involutions in Cg(z) \{z) is greater or
equal to four, and | Syl,(C4(2)) | 2 1, hence 6(<z)) < 5 implies that | Syl,(Ce(2) | =1
and that | S| = 8 if S is dihedral and | S| = 16 if S is semidihedral.

If S is dihedral and G ~ A, one calculates Cg(z) for z = (12) (34) to show that
|Sylo(Ce(2)| = 3.

If S is dihedral and G ~ L,(q), g =  1(mod 8), G contains a dihedral subgroup
K of order 2] where | = (¢ —1)/2 for g =1 (mod 8) and I = (q + 1)/2 for
g = —1(mod 8). Moreover | K|, = | G|, and if we write [ = 2* - m, for m odd,
then |Sy12(K)| =m and |K |2 = 2%*1 Hence if z is the central involution of K,
K < Cg(z) implies m = 1, 2*+* = 8, whence ¢ = 7 or ¢ = 9. By [4, (16.3)] we
are through in case S is dihedral.
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If S is semidihedral then |Syl,(C4(2))| = 1 together with the fact that G has
only one conjugate class of involutions imply that the centralizer of any involution
is 2-closed, hence by Wong [4, p. 288], G ~ L3(3) or G ~ M ;.

LemMA 13. Let G be a finite group with 0,(G) = 1 and 0*(G) = G. Let T be
a 2-subgroup of G satisfying TeminG and INS(T): TI = 2 for some SeXZ(T).
Then either G contains a strongly embedded subgroup or a Sylow 2-subgroup of
G is dihedral or semidihedral.

Proofr. If Tis not normal in S then by Lemma 8(iii) I T| = 2; thus by Suzuki
[6, Lem. 4] S is dihedral or semidihedral. Hence we may assume thatiT is norm-
al in S, so that |T| =|G|,/2 and T is of index two in every S eZ(T).

If for every S €Z(T) and every S’ ¢ Z(T) we have S NS’ = 1, we are following
Bender [2]. Hence we may assume that for some SeX(T), S’ ¢X(T), SNS’ # 1.
But TeminG implies that ' NT =1 so that S NS’ = {t) where ¢ is an in-
volution. By the N-group [7, (5.38)] paper there exists some g€ G for which
e T,whence T2 S NS NS'?> 1. Now Te min G implies that T= S NS¢ NS
whence | T| = 2 and S is a 4-group, hence dihedral.

LEMMA 14. Let G be a finite simple group satisfying I(5). If G has a strongly
closed abelian 2-group then G is isomorphic to one of the following groups:
LZ(q)9 SZ(Q)r US(q)a fOI' q even, Lz(q)s for q= 5’11’13,19 or Jl'

Proor. Following Goldschmidt [3] we need check only two things, namely,
that the above-mentioned values of ¢ = 3, 5 (mod 8) are the only ones for which
L,(q) € I(5), and that the only group of Janko-Ree type [3, Case e] which occurs
here is J,. The first check is a word-by-word repetition of the analogous part of
Lemma 10. In Case e, G has a subgroup G, of odd index such that G, = {t) x K
where tis an involution and K ~ L,(q), g= 3, 5(mod 8), g > 3 with I Sylz(K)I <5
Hence G ~ J,.

ProoF OF THEOREM 3. If G has a strongly embedded subgroup we are
through by [2]. By Corollary 5 and by Lemmas 11, 12 and 13 we may assume
that for every TeminG, o(T) = 5, min T = Z(T) and |NS(T): Tl = 4 for every
S eZ(T). In such a situation C,(G) = {1} U min G U Syl,(G).

If for some S € Syl,(G) and for z e Q(Z(S)) we have Z({z))= {S}, then we are
through by Herzog [5]; thus we may assume that for every S € Syl,(G) and every
z € Q(Z(S)) there exists some S’ € Syl,(G) such that ze T = S NS’ emin G. Since
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TNZ(S) +# 1, Tis normal in S by Lemma 8(ii), and we conclude that for every
S € Syl,(G) there exists Te min G such that T is normal in S.

Let us fix T and S. First assume that there exists some T’ T such that
T'~gT and T' < S. It follows that T'eminG, T’ is normal in S (because
|T| = |T'|, [NT)/T| = |N(T")/T’| = 4), and TNT’ = 1. Hence

|N(T)|T| = |N«T")|T’| = 4
implies that S ~ E;s or |S: E,| = 2. In the latter case S contains at least two
central involutions whence S ~ Eg or S ~ E, x E,. In any case, S is abelian and
we are through by Lemma 14.

Otherwise define V= (zeQ(Z(S")) NT|S'eX(T)). Since TE S’ for every
S’ e€X(T), 1 < V< Z(T) so that V is an abelian 2-subgroup of G. We claim that V
is strongly closed in S with respect to G. If we show this we are through by quoting
Lemma 14 again. Indeed, let zeV and let zf€S. Now T NS3z? #1 and
T? e min G, therefore S = T? whence T = TY. Hence zfc T and z?eQ(Z(5?))
where S € X(T), thus z? e V and V is strongly closed in S with respect to G.
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